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Crystal dislocations govern the plastic mechanical properties of materials but also affect the
electrical and optical properties. However, a fundamental and quantitative quantum-mechanical
theory of dislocation remains undiscovered for decades. Here we present an exactly solvable quantum
field theory of dislocation, for both edge and screw dislocations in an isotropic medium by introducing
a new quasiparticle “dislon”. With this approach, the electron-dislocation relaxation time is studied
from electron self-energy which can be reduced to classical results. Moreover, a fundamentally
new type of electron energy Friedel oscillation near dislocation core is predicted, which can occur
even with single electron at present. For the first time, the effect of dislocations on materials’
non-mechanical properties can be studied at a full quantum field theoretical level.
PACS numbers: 03.70.+k, 61.72.Lk, 72.10.Fk.
Crystal dislocations are a basic type of one-dimensional
topological defect in crystals [1]. Since Volterra’s in-
genious prototype in 1907 [2] and Taylor, Orowan and
Polyani’s simultaneous formal introduction of such de-
fects in 1934 [3–5], dislocations have been shown to have
strong influences on materials, including the governing
role in the plastic mechanical process, and widespread
impact on materials’ thermal, electrical and optical prop-
erties etc [1, 6]. However, despite being one of the ma-
jor driving forces in the development of modern met-
allurgy and material sciences, a fundamental quantum-
mechanical theory of dislocations is long overdue, partly
due to the multivalued or discontinuous displacement
field leading to a difficulty in going from a particular
lattice model to an effective theory. The lack of a funda-
mental quantum-field theory of dislocations has impeded
the study of the role of dislocations on non-mechanical
material properties, limiting the usage of the terms “im-
purity” and “disordered systems” to point-defect related
properties in many circumstances [7].
In general, the theoretical attempts to study the role of
a dislocation in material’s non-mechanical properties can
be divided into at least 2 mainstream categories. One is
classical scattering theory, where a dislocation is treated
as a classical charged line [8–11]. This allows one to study
electron-dislocation scattering, but with obvious limita-
tions when presented in a classical framework without
taking into account of the displacement field a dislocation
induces. The other is a geometrical approach, where a
dislocated crystal is treated as a lattice in curved space as
in general relativity [12–16]. This approach includes the
displacement-field scattering but very problem-specific
and mathematically cumbersome. Another promising ap-
proach is a gauge theory of a dislocation [17–19], which
resembles quantized gauge theory in form but is limited
only to classical elasticity field.
In this Letter, we provide an exact and mathemat-
ically manageable quantum field theory of a disloca-
tion line, based on classical dislocation theory and a
canonical quantization procedure. We find that in an
isotropic medium, the exact Hamiltonian for both the
edge and screw dislocations can be written as a new type
of harmonic-oscillator-like Bosonic excitation along dislo-
cation line, hence the name “dislon”. A dislon is similar
to a phonon as lattice displacement with both kinetic and
potential energy, but satisfying dislocation’s topological
constraint
∮
L
du = −b, where b is the Burgers vector,
L is a closed contour enclosing the dislocation line, and
u is the elastic displacement vector. For the first time,
the scattering between an electron and the 3D displace-
ment field induced by dislocation can easily be solved
through many-body approach, with the topological con-
straint
∮
L
du = −b maintained all along.
To begin with, defining u(R) as the displacement at
3D position vector R, its ith component can be written
generically as [20, 21]
ui(R) = −cjklm
∫
ulm(R
′)
∂Gij(R−R′)
∂Rk
d3R′ (1)
where i, j, k, l,m = 1, 2, 3 are Cartesian components,
cijkl = λδijδkl + µ(δikδjl + δilδjk) is the elastic constant
tensor in an isotropic medium, ulm is the plastic distor-
tion tensor, Gij is the Green’s function of the force equi-
librium equation whose Fourier transform can be written
as [21]
Gij(k) =
1
µ
[
δij
k2
− λ+ µ
λ+ 2µ
kikj
k4
]
=
1
µ
[
δij
k2
− 1
2(1− ν)
kikj
k4
]
(2)
where λ and µ are 1st and 2nd Lame´ constants, respec-
tively, and ν = λ2(λ+µ) is the Poisson ratio.
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2FIG. 1. (color online). (a) A long dislocation line along
the z-direction vibrating within slip plane (xz) with Q(z)
the transverse displacement. Such vibration share similarities
with phonons as it is also quantized lattice vibration, but con-
strained by
∮
L
du = −b where L is an arbitrary loop circling
dislocation. An electron located at position r will be scat-
tered by dislocations. (b) Quantized vibrational excitation
along dislocation line (“dislon”) for both edge (hot-colors)
and screw (cool-colors) dislocations at various Poisson ratios
ν. The classical shear wave is shown as a linear-dispersive
black-dotted line, and the arrows indicate a decreasing trend
of Poisson ratio for edge (red arrow) and screw (blue arrow)
dislons, respectively.
For a long, straight dislocation line extending along
the z-direction and sitting at (x0, y0) = (0, 0), this dislo-
cation line would vibrate within the slip plane (xz plane)
as an atomic motion, similar to phonons. Such vibra-
tion can be regarded as a precursor of the dislocation
glide motion, and a direct generalization of long, straight
static dislocation configuration. Defining Q(z) to be the
transverse displacement along the x direction at position
z, Eq. (1) can be rewritten as [21, 22] (See in Supple-
mental Material A)
ui(R) =ui(r, z)=−bmcjklm
∫ +∞
−∞ nl
∂Gij(r,z−z′)
∂Rk
Q(z′)dz′ (3)
where r = (x, y) and R = (r, z) are the 2D and 3D
position vectors, bm is the m
th component of the Burgers
vector and n is the direction perpendicular to the slip
plane with the lth component nl. Mode-expanding the
dislocation displacement as
Q(z) =
∑
κ
Qκe
iκz (4)
where κ is the wavenumber along the z-direction. Then
the displacement u(R) can be expressed as
ui(R)=
∑
κ fi(r;κ)e
iκzQκ=
1
L2
∑
s,κBi(s;κ)e
is·r+iκzQκ (5)
where L is the system length, s = (kx, ky) is the 2D
part of the 3D wavevector k = (s, κ) in Eq. (2), and
Bi(s;κ) =
∫
fi(r;κ)e
−is·rd2r is the 2D Fourier transform
of fi(r;κ) which can be obtained as
Bi(s;κ) = +iµbmnl [kmGil(k) + klGim(k)] (6)
by comparing Eq. (3) to Eq. (5). The classical 3D kinetic
and potential energy of such a vibrating dislocation can
be written as a 1D effective Hamiltonian [22]
H = T + U = L2
∑
κm(κ)Q˙κQ˙
∗
κ +
L
2
∑
κ κ
2K(κ)QκQ
∗
κ (7)
where m(κ) and κ2K(κ) are identified as the classical
linear mass density and tension, respectively, and can be
written as [22] (See also in Supplemental Material B)
m(κ)= ρ4pi2
∫
d2s 1k4
[
(b · k)2+b2 (n · k)2+ 4ν−3
(1−ν)2
(n·k)2(b·k)2
k4
]
κ2K(κ)=U0− µ4pi2
∫
d2s
[
(b·k)2+b2(n·k)2
k2 − 21−ν (n·k)
2(b·k)2
k4
]
where U0 is a κ-independent zero-point-energy term de-
pending on the dislocation type.
Now imposing a canonical quantization condition,
Qκ = Zκ
[
aκ + a
+
−κ
]
, Pκ =
i~
2Zκ
[
a+κ − a−κ
]
(8)
where Pκ =
∂L
∂Q˙κ
= Lm(κ)Q˙∗κ, Zκ =
√
~
Lm(κ)ω(κ) , then
the classical dislocation Hamiltonian Eq. (7) is quantized
as (See Supplemental Material C)
HD =
∑
κ
~ω(κ)
[
a+κ aκ +
1
2
]
(9)
with eigenfrequency ω(κ) = κ
√
K(κ)/m(κ) , which has
the form as a collection of non-interacting Bosonic exci-
tations. Despite the observation that such an excitation
shares the similarity with the phonon excitation as a type
of quantized lattice vibration, the topological constraint
here
∮
L
du = −b leads to a different excitation quan-
tum along the dislocation line, which may suitably be
called a “dislon”, to distinguish the dislon from a non-
interacting phonon. In particular, by imposing the in-
plane Debye cutoff kD, the dislon dispersion relation for
3an edge dislocation (b⊥z, b = bx) and a screw dislocation
(b‖z, b = bz), can separately be written in a closed-form
as
wE(κ) = vsκ
√√√√ C1log( k2Dκ2 +1)+1−C2 κ2k2D+κ2
(1+C3)log
(
1+
k2
D
κ2
)
− k
2
D
k2
D
+κ2
−C3 k
2
D
(3k2
D
+2κ2)
2(k2
D
+κ2)
(10a)
wS(κ) = vsκ
√√√√√ C4log
(
k2
D
κ2
+1
)
−C4+4C2 κ2
k2
D
+κ2
k2
D
2(κ2+k2
D
)
+ 12 log
(
1+
k2
D
κ2
)
+2C3
k4
D
(k2D+κ2)
2
(10b)
where vs =
√
µ/ρ is the shear velocity, and the four coef-
ficients are C1 =
1−2ν
2(1−ν) , C2 =
1
4(1−ν) , C3 =
4ν−3
8(1−ν)2 and
C4 =
1+ν
2(1−ν) . The dislon dispersion at various ν values
and keeping constant vs = 1 are plotted in Fig. 1(b),
where the classical shear wave, or equivalently the trans-
verse acoustic phonon mode ω(κ) = vsκ (black-dotted
line) serves as a pre-factor in the quantum-mechanical
version of the dislocation excitation in Eq. (10). The
higher excitation energy of the edge dislon than the screw
dislon is reasonable, since even in a pure classical pic-
ture, the edge dislocation energy density is higher than
the screw dislocation by a factor of 1/(1− ν) [23]; due to
the different zero-point-energy, they have opposite trends
at various ν values (red and blue arrows in Fig. 1b).
To study the electron-dislocation interaction from
a full 2nd-quantization level, we start from a generic
electron-ion interaction Hamiltonian [24, 25]
He−ion =
∫
d3Rρe(R)
N∑
j=1
∇RVei(R−R0j ) · uj (11)
where ρe is the electron charge density, R
0
j is the equilib-
rium position of the ion with label j, and sum on j is over
all N ions in the crystal. By expanding the electron-ion
interaction potential Vei as
Vei(R−R0j ) =
1
V
∑
q∈1BZ
∑
G
Vq+Ge
i(G+q)·(R−R0j ) (12)
and using Eqs. (5)-(8), and moreover by assuming a
non-Umklapp normal process (G = 0), the electron-
dislocation interaction Hamiltonian Eq. (11) can be re-
written as (see Supplemental Material D)
Hel−dis =− N
V
1− 2ν
1− ν
∑
q
ρ(q)eVq
(b · q)(n · q)
L2q2
×
√
~
2Lm(κ)ω(κ)
(aκ + a
+
−κ)
(13)
where the screened Coulomb potential Vq =
4piZe
q2+k2TF
with
kTF defined as the Thomas-Fermi screening wavenumber,
ρ(q) is the Fourier-transformed electron number den-
sity. At ν = 1/2 both Eqs. (9) & (13) vanish due
FIG. 2. (color online). The self-energy of an electron away
from a dislocation line with a dislocation core (x0, y0) = (0, 0).
The ratio between the self-energy |Σ| and electron energy εp
on a logarithmic scale, as a function of the 2D coordinate r =
(x, y) for edge (a, c) and screw (b, d) dislocations. The self-
energy decays fast away from the dislocation core. Compared
with the asymptotic exponential decay behavior (a, b), the
full coupling constants (c, d) indeed reveal an exotic Friedel
oscillation, which is anisotropic and can occur with only single
electron at present. This can be seen more clearly on linear
scale waterfall plots (e, f). The much more drastic oscillation
for edge dislocation (e) than screw dislocation (f) is caused
by dilatation effect and resulting electrostatic potential.
to the important pre-factor 1 − 2ν. This is reasonable
since at ν = 1/2 the system demonstrates only elas-
ticity without plasticity (such as rubber), resulting in
both vanishing dislon excitation and quantized electron-
dislocation interaction. For a single electron located at
R = (r, z) = (r cosφ, r sinφ, z), we have ρ(q) = eis·r+iκz,
and Eq. (13) can be further simplified as
He−dis =
1√
L
∑
κ
eiκzMb,r(κ)(aκ + a
+
−κ) (14)
with the single-electron position-dependent coupling con-
4stant Mb,r(κ) written as
Mb,r(κ) =
Ne2
V
1− 2ν
1− ν
√
~
2m(κ)ω(κ)
×
∫ kD
0
dss2
bssJ2(rs)sin(2φ)− 2ibzκJ1(rs) sinφ
(s2 + κ2 + k2TF )(s
2 + κ2)
(15)
where Jn(rs) is the n
th order Bessel function of the 1st
kind. One promising feature here is that the 3D electron-
displacement interaction in Eq. (11) can be rewritten in
an effective 1D electron-dislon interaction as Eq. (14),
greatly simplifying the calculation of dislocation’s in-
fluence to electron motion. In particular, in the non-
screening, stiff-solid limit kTF → 0 and kD → ∞ , and
in r → ∞ limit where an electron is far apart from a
dislocation core, the asymptotic coupling constants have
a closed-form:
|M edge
r→∞
(κ)|2 (16a)
=
(
Ne2
8V
)2(
1− 2ν
1− ν
)2 ~pib2(2κr − 3)2
m(κ)ω(κ)κr
sin2(2φ)e−2κr
|Mscrew
r→∞(κ)|
2 (16b)
=
(
Ne2
8V
)2(
1− 2ν
1− ν
)2
4~pib2(2κr − 1)2
m(κ)ω(κ)κr
sin2(φ)e−2κr
which shows an exponential decay of the electron-
dislocation coupling strength at long distance.
In addition, we could write down the Feynman rule for
electron-dislocation scattering accordingly from the cou-
pling constants (See Supplemental Material E): Internal
dislon line |Mb,r(κ)|2D(0)(κ, iωm), with D(0)(κ, iωm) =
− 2ωκω2m+ω2κ and ωm = 2mpi/β(β = 1/(kBT )), and other
Feynman rules unchanged. Therefore, to one-loop cor-
rection, in which case an electron emits and re-absorbs a
virtual dislon, we could compute the position-dependent
electron self-energy as follows:
Σ(1)(r,p, E) =
∫
dκ
2pi
|Mb,r(κ)|2 (17)
×
[
nB(ωκ) + nF (εp+κ)
E − εp+κ + ωκ + iδ +
nB(ωκ) + 1− nF (εp+κ)
E − εp+κ − ωκ + iδ
]
We take germanium as a prototype example since it
has isotropic bands, but we do not intend to compute
real material. At zero temperature and using reason-
able values of elastic parameters of germanium [26](
b = 0.4 nm, ρ = 5.3 g/cm3, µ = 67 GPa, ν = 0.28, cutoff
κmin = 0.05 nm
−1 and κmax = 10 nm−1), the electron
on-shell self-energy is plotted in Fig. 2, for edge (Fig. 2
a, c, e) and screw (Fig. 2 b, d, f) dislocations, with full
coupling constants Eq. (15) (Fig. 2 a, b) and asymp-
totic form Eqs. (16a, b) (Fig. 2 c, d). Note Σ < 0 in
all cases, indicating a reduction of the electron energy,
FIG. 3. (color online). Comparison of the normalized loga-
rithmic relaxation rate using the classical result [27](dashed
lines) and Eq. (17)(solid lines).
hence an increase of the electron effective mass when be-
ing scattered by a dislocation, similar to electron-phonon
scattering. The 4-fold self-energy symmetry for the edge
dislocation and 2-fold symmetry for the screw dislocation
is also reasonable- the classical displacement field distri-
butions u(R) have 2-fold and 1-fold symmetry from si-
nusoidal terms, respectively, while the energy ∼ |u(R)|2
doubles the symmetry. The most prominent feature is
that the electron self-energy shows an anisotropic Friedel
oscillation behavior (Fig. 2 e, f). Since a single disloca-
tion could be treated as a classical 1D charged line, such a
quantum-mechanical oscillation may not appear surpris-
ing as a direct generalization to a 0D point-defect Friedel
oscillation. However, what is striking is that such an os-
cillation can occur with the presence of only one electron,
since it is the oscillation of the single-electron self-energy
instead of charge density oscillation which gives rise to
the traditional Friedel oscillation. Another feature is that
the oscillation caused by an edge dislocation (Fig. 2 e)
is much more drastic than a screw dislocation (Fig. 2
f). This can be understood from the distinct electro-
static effect contributing to Friedel oscillation. For an
edge dislocation there is finite inhomogeneous dilatation
∆ = − b2pi 1−2ν1−ν sinθr , leading to a compensating electro-
static potential to reach uniformly distributed Fermi en-
ergy and equilibrium, while for a screw dislocation, lin-
ear elasticity gives no dilatation hence no electrostatic
effect emerges [1]. The observation of the predicted self-
energy’s single-electron Friedel oscillation may provide
strong evidence of the existence of dislon and the quan-
tum nature of dislocations.
To test the power of this theoretical framework, we
compare the electron-dislocation scattering relaxation
rate 1τdis(r) ∝ ImΣ(r,p, εp) from Eq. (17) to the classi-
cal results with empirical deformation-potential parame-
ters [27]. Despite different methods, our one-loop result
Eq. (17) shares an identical pre-factor
(
1−2ν
1−ν
)2
and the
same temperature dependence with the classical relation
51
τdis(r)
∝ NdisT
(
1−2ν
1−ν
)2
, but has a stronger capability to
compute the position and energy dependent relaxation
time. Assuming the average dislocation-electron distance
r¯ =
√
1/Ndis , the comparison (normalized at 10
10 cm−2)
of the relaxation rate is plotted in Fig. 3 and shows very
similar trends.
To summarize, we have demonstrated a quantized
Bosonic excitation along a crystal dislocation, “dislon”,
whose excitation spectra are obtained in closed-form in
an isotropic medium. Such a framework allows the study
of classical electron static-dislocation scattering at a full
dynamical many-body quantum-mechanical level, and is
expected to greatly facilitate the study of the effects of
isolated dislocations on the electrical properties of ma-
terials because of the case with which the effects of an
isolated dislon can be incorporated into existing theo-
ries without loss of rigor. In fact, with a fully quan-
tized dislocation, it can be shown a decades-long debate
of the nature of dislocation-phonon interaction-whether
static strain scattering or dynamic fluttering dislocation
scattering- shares the same origin as phonon renormal-
ization [28]. What’s more, since the dislon is a type of
Bosonic excitation, the dislon may also couple 2 elec-
trons to form Cooper pair, becoming an extra contributor
to superconductivity besides a phonon. This may seem
counterintuitive since dislocations as defects would only
shorten the electron mean free path and lead to weaken-
ing of superconducting phenomena, yet early experimen-
tal evidence did show a sample annealing temperature-
dependent superconducting transition temperature Tc
[29], whereby different samples have identical stoichiom-
etry but different dislocation densities, and a slight in-
crease of Tc under plastic deformation in another exper-
iment [30], indicating a more profound role that disloca-
tions may play in superconductivity, but further studies
of this phenomenon is now under more detailed investi-
gation.
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